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We study relation between stochastic quantization and holographic Wilsonian renor- 
malization group flow. Considering stochastic quantization of the boundary on-shell 
actions with the Dirichlet boundary condition for certain AdS bulk gravity theories, we 
find that the radial flows of double trace deformations in the boundary effective actions 
are completely captured by stochastic time evolution with identification of the AdS ra- 
dial coordinate 'r' with the stochastic time 't' as r = t. More precisely, we investigate 
Langevin dynamics and find an exact relation between radial flow of the double trace 
couplings and 2-point correlation functions in stochastic quantization. We also show that 
the radial evolution of double trace deformations in the boundary effective action and 
the stochastic time evolution of the Fokker-Planck action are the same. We demonstrate 
this relation with a couple of examples: (minimally coupled) massless scalar fields in AdS? 
and U(l) vector fields in AdS 4. 
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1 Introduction 

AdS/ CFT correspondence has shed a lot of light on strongly coupled field theories. Investiga- 
tion of the holographic renormalization group (RG) flows, for example, has become a useful 
tool to understand the Wilsonian RG flow of strongly coupled dual field theories. In fact, with 
the recent improved understanding of the holographic RG[TJ[2], it has become clear that these 
two approaches to RG flow of the boundary theory are consistent with each other [31 Hj. In 
the dual theory defined in AdS space, AdS radial coordinate r is identified with Wilsonian 
RG-direction, in other words, the radial direction is related to the energy scale of the CFT. 
AdS boundary(r = 0) is treated as the [/^-region whereas Poincare horizon(r = oo) is treated 
as the IR-region. For finite nonvanishing values of r, one can define a CFT at the intermediate 
energy scale. 

A method for computing holographic Wilsonian RG flows of certain deformations of the 
theory defined on the UV boundary was developed in [3l H] . (For earlier work on relevance 
of multi-trace operators to holographic RG, see |5j.) The flow equation has a form of the 
Hamilton- Jacobi equation in the limit when bulk action is restricted to the terms up to two 
derivatives. The most important feature of this computation is that even though one has a free 
theory in the dual gravity, the flow equations necessarily contain double trace deformations as 
long as non-zero momenta along boundary directions are turned on. For zero momentum case, 
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the flow becomes rather trivial without these double trace couplings. The double trace defor- 
mation coupling has evoked a lot of interest recently. For example, for double trace couplings 
of transverse(longitudinal) boundary U(l) gauge fields appearing in the boundary effective 
actions with bulk U(l) gauge fields in AdS^, the equations of these couplings correspond to 
the flow equations of transverse (longitudinal) conductivities in the dual fluid system defined 
on AdS boundary [| 

The double trace couplings show several fixed points in UV boundary, which depend on 
the boundary conditions on it. In [I], they provide examples of the flow equations for bulk 
scalar fields with its mass m, which is in the range that — ^ < m? < — ^ + 1, where d is 
spacetime dimension of the boundary and for U(l) gauge fields in AdS±. The most important 
property of both bulk theories is that they allow alternative quantization [121 1131 EEU UHl [T8|[T9]. 
In this case, one can impose both Neumann boundary condition as well as Dirichlet boundary 
condition on the conformal boundary. These boundary conditions correspond to alternative 
and standard quantization respectively and they lead to different UV fixed points. Moreover, 
there are many classes of flows which do not start from fixed points in the UV region. 

However, in the IR region, near Poincare horizon, it turns out that most of the flows 
converge to a single fixed point for these example^ where background geometry of the bulk 
is Poincare patch of the pure AdS space). Moreover, it turns out that the boundary effective 
action in IR region has the same form as the classical effective action V. V is derived from 
the on-shell action I os by Legendre transform, where the on-shell action is obtained from bulk 
action by imposing Dirichlet boundary condition at the UV boundary. 

There have been some attempts in the past trying to relate AdS /C FT and stochastic 
quantization [221 EH |2H [28]. Stochastic quantization [161 E] is a quantization method for Eu- 
clidean field theories where one starts with a d- dimensional Euclidean action, S c ((j)) (which 
is also called the classical action). The coupling of the field <p to the surrounding is mim- 
icked by Gaussian white noise r], which is the source of randomness or stochasticity in the 
system. Stochastic system evolves along the stochastic time t, which is different from the 
Euclidean time, r. At very late time t — > oo, the system settle down to an equilibrium state, 
and partition function of it provides correlation functions of quantum field theory with action 
S c . Even if the system starts with d- dimensional Euclidean action, the resulting theory is 
d + 1-dimensional since even in equilibrium the system is evolving along the stochastic time 
L t\ In fact, AdS I C FT correspondence has similar structure. Conformal field theories on the 
d- dimensional AdS boundary are related to d + 1-dimensional bulk string theories and the 
radial coordinate V in AdS space has similar role to play as the stochastic time L t\ 

In particular, there is a rather concrete conjecture for the relation[2I], which basically 
depends on an identification of a partition function derived from the holographic method with 
the stochastic partition function. Holographic partition function is given by 

Z hol = [ [D<f>]e- S ^ W = e~ w ^\ (1.1) 

3 There are many computations of transport coefficients using holographic Wilsonian RG(equivalently the 
sliding membrane paradigm), such as shear viscosity [6j[7] and conductivities [8l l9l HU1 HTj . 

4 This is no longer true when the bulk geometry is that of an extremal black brane. In that case, there is 
emergent 1-dimensional CFT near the black brane horizon and couplings of bulk helds admitting alternative 
quantization even in AdS2, may give rise to other nontrivial fixed points. 
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where the boundary is AdS boundary which is located at r = 0, <fi denotes the bulk field 
and 0o is its boundary value. In the above expression, we have imposed Dirichlet boundary 
condition at r = and W(<po) is called generating functional since 0o becomes a source term 
which couples to a composite operator in the dual CFT. Another partition function Z' was 
constructed pi] from Zhoi, 



which is a partition function with a new non-trivial weight, e w ^°\ On the other hand, stochas- 
tic partition function is spelled out as 



where Spp is called Fokker-Planck action and S c (<j)o) is classical action which appears in the 
boundary at t = 0, where the stochastic time evolution starts from — oo and ends up with 
t = 0, i.e. — oo < t < 0. Fokker-Planck action can be made out of the classical action by 
promoting the boundary field 0o — > 0o(^) El- 
After identifying the two different partition functions, Z' and Z S q, it was conjectured[24j 
that there is a one to one correspondence between the Fokker-Planck action Spp and the 
classical action S c in stochastic partition function, and the bulk action S^n- and the generating 
functional W in holographic partition function respectively, provided that the stochastic time 
! — V is identified to the radial coordinate V. 

In fact, in [201 EH [25], [26] , the authors have studied conformally coupled scalar field theory 
in AdS 4 and obtained a boundary on-shell action at the conformal boundary. The boundary 
action becomes scalar field theory action with two derivative kinetic term and 6-point self 
interacting vertex by truncation up to leading order in large conformal coupling expansion. It 
follows from their proposal that S c = —2W(<p), and one can then construct the Fokker-Planck 
action and which reproduces the bulk action (again) by truncation up to leading order in large 
coupling expansion of boundary 6 interaction. 

These two independent results motivated us to study relation between the holographic 
renormalization group and the stochastic quantization. The main motivation is that if such 
an identification can reproduce the Fokker-Planck action using boundary on-shell action, then 
one may be able to reconstruct radial evolution of the boundary effective action via stochastic 
time evolution using this Fokker-Planck action. 

In this paper, we have developed a one to one correspondence between these two schemes, 
the Holographic Wilsonian Renormalization Group and the Stochastic quantization, by ana- 
lyzing their Hamiltonian formalism for scalar fields and abelian gauge fields such that their 
dynamics in the AdS 4 space is reproduced in the limit of two derivative bulk actions. While 
the Holographic Wilsonian Renormalization Group is closely tied with the AdS geometry, the 
Hamiltonian formalism for Stochastic processes has no a priori relation with AdS/CFT. As 
will be explained in Sec J2.1[ the Hamiltonian formalism is suitable for both of holographic 
renormalization group and stochastic quantization. For holographic renormalization group, it 

5 For a detailed discussion, see Sec l2.ll 




(1.2) 
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is given by 

deMh r) = - f d d xU RG (-4-, <f>)M<f>, r), (1.4) 



where Hrg is obtained from the bulk action by Legendre transform and ipn = e~ SB , where Sb 
is boundary deformation(boundary effective action). The stochastic Hamiltonian formalism, 
on the other hand gives 

dtMM = 'J d d xU F p(-^,0)M<P,t), (1.5) 

where Hpp is called the Fokker-Planck Hamiltonian, which is related to the Fokker-Planck 
action by Legendre transform. The wave function ips{<p,t) is given by 

MM = P(4>,t)e SsS $ m , (1.6) 

where P(<p,t) is called the probability distribution, which provide non-trivial weight for the 
stochastic partition function. 

We focus on the similarity between them, and developed one to one correspondence of 
quantities appearing in each Hamiltonian dynamics. We briefly discuss our proposal here. It is 
easy to note by comparing these two Hamiltonian dynamics that, (1) the stochastic time t 
should be identified to the radial coordinate r, which is a statement similar to that in|24j. 
but this time, precisely r = t. We also assume that in the absence of any deformation terms 
at the boundary of the AdS space (2) the classical action, S c and the on-shell action, 
I os ((j>) (or classical effective action, T((p) through Legendre transform from it) are 
related as S c = 2T(<f)) = —2I os (4>). Finally, we identify these two different Hamiltonians as 
(3) T-Lrg{j) = %Fp(t), which is consistent with proposal (1). 

We will discuss our proposal in detail in Sec i2.2l Here we would like to summarize the 
reason for proposing the identification(2). As mentioned in the discussion of the holographic 
renormalization in pure AdS, there is a single IR fixed point for most of the curves(flows) and 
the IR effective action has the same form as the classical effective action T on the conformal 
boundary. Similar phenomenon happens in the case of stochastic quantization. One starts 
with a system described by a classical action S c . Under stochastic time evolution the system 
will settle in an equilibrium state which can be described in terms of the Euclidean partition 
function with an action which provides quantization of S c at some late time t. Therefore, if we 
impose identification (2) then we are, at least, guaranteed that most of the IR behavior of the 
holographic renormalization group flow and the late time behavior of stochastic time evolution 
are the same. UV behavior, as we will see, turns out to be dependent on the initial condition 
for the stochastic time evolution. We will discuss appropriate choice of initial condition in 
SecJS 

Another point that we would like to mention here is related to the conjecture (3). This 
is a non-trivial statement since the form of Fokker-Planck Hamiltonian density is completely 
determined by S c . Therefore, conjecture (3) completely depends on the proposal (2) and it 
could be a conditional statement. However, we believe that if certain specific choice of S c 
gives rise to correct IR behavior (equivalently, late time behavior), then that S c will provide a 
correct (similar for the weak condition) form of the Fokker-Planck Hamiltonian. 



4 



We have obtained the following relations as a consequence of our proposal. Firstly, we have 
found that double trace deformation part of the boundary effective action, (1) Sb is given 
by 

S B = J dt J d d x£ FP ((i)(t,x)), (1.7) 

in the classical limit, which is the main result of this paper. Secondly, we have studied the 
Langevin dynamics to establish (2) the relation between stochastic 2-point correlation 
functions and the double trace coupling in AdS/CFT 

< UOMt) >?=< Mt)Mt) >i> (L8) 



where 



< >' = iS^rr (L9) 



the coefficient of double trace deformation term and < (f) q (t)(f> q i(t) >$ is stochastic 2-point 
correlation function. 

To test our proposal, we have worked out two examples, which are (minimally coupled) massless 
scalar fields in AdS% and U(l) gauge field theory in AdS±. It turns out that stochastic quantiza- 
tion successfully captures the radial evolution of double trace couplings appearing holographic 
renormalization group computations of these examples through the above two relations. 

These two models presents several interesting features. Firstly, they allow alternative quan- 
tization. Secondly, their actions are Weyl invariant. The first condition provides a good play- 
ground for analyzing a variety of boundary conditions, which means the model will provide 
more than one fixed point on the UV boundary and diverse radial flows. The second condi- 
tion will make computations easy because Weyl invariance implies there will be no divergent 
behavior of the bulk modes and as a result the counter-term action is not necessary. Another 
merit of the second condition is that bulk action will effectively defined on the flat space(See 
beginning of Secj3]for details). 

Finally, it turns out that the Fokker-Planck Hamiltonian(Lagrangian) density obtained 
from such a classical action, S c = 2T approximately reconstructs the form of the bulk Hamil- 
tonian(Lagrangian) density, therefore conjecture (3) is partially proved in these cases. For 
the massless scalar field case, the bulk Lagrangian is completely reconstructed. However, The 
U{\) gauge fields case is not since to evaluate boundary on-shell action we have chosen a gauge. 
Therefore, the bulk Lagrangian is recovered up to gauge degrees of freedom. 



2 AdS/ (free) CFT and Stochastic Quantization 

2.1 Stochastic Quantization and Holographic Wilsonian Renormal- 
ization Group 

In this section, we will discuss similarity between holographic Wilsonian renormalization group 
flows(.£ZTV RG)^ H] and stochastic quantization(SQ)|[ESl H7j. We will set up one to one map- 
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ping between various quantities such as the two-point correlators, boundary effective actions 
and so on, appearing in the HWRG and those in the SQ. 



2.1.1 Holographic Wilsonian Renormalization Group 

In this subsection, we briefly review the HWRG. We start with a bulk action in the Euclidean 

AdSd+i as 

S = I drd d x^gC(<p,d<p) + S B , (2.1) 

Jr>e 

where e is an arbitrary cut-off in the radial direction. The background AdS metric is given by 

ds 2 = dr2 + T,tidxjdxi^ (2 2) 

and Sb is interpreted as the boundary effective action. 

From the condition that variation of the full action S vanishes, one can define the canonical 
momentum II^: 

as a boundary condition. Since the cut-off e in the action (l2.ip is arbitrary, the physical re- 
quirement that the total action (l2.ip does not depend on the cut-off e gives rise to the following 
equation: 

d e S B = ~J d d x {^-d r <j> - C(<j), d(f>)) = d d xU RG ( 6 -^-, 0), (2.4) 

where for the second equality in (12. 4p . we have performed Legendre transform from the La- 
grangian density, £, using the definition of canonical momentum to T-Lrg which is the 
Hamiltonian density. The eq. (l2.4[) is, in fact, semi-classical version of the Schrodinger type 
equation. To see this more precisely, one can define the wave functional if) as 

ipH = exp(-S B ), (2.5) 
and the Schrodinger type wave equation is 

f 5 

d e ip H = - d d xH RG (- — ) (i ) )iJ H . (2.6) 

Jr=e 0<P 

In this discussion, we have implicitly assumed that the Hamiltonian density is quadratic in 
canonical momentum. Eq. (l2.4p is recovered in the semi-classical limit, i.e., 0^f\ » 
and ignoring terms proportional to ^Jf - . 
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2.1.2 Stochastic Quantization 



The Hamiltonian description of a system in terms of fictitious stochastic time is defined 
in the stochastic quantization^ as well. We will now briefly discuss the method of stochastic 
quantization, for which we mostly follow [16J. The basic notion of stochastic quantization 
comes from the similarity between partition function of Euclidean field theory and partition 
function of a statistical system in equilibrium. The Euclidean iV-point correlation function is 
given by 

r e -\s c (4>) 

< <t>( Xl )...<j>(x N ) >= / D<p- — (j)(x 1 )...(j)(x N ), (2.7) 

where S c is an Euclidean action(It is also called the 'classical action'). However, once we identify 
h = kgT, where k% is Boltzmann constant and T is temperature, this partition function can 
also be interpreted as the partition function of a statistical system in equilibrium with a bath 
at temperature T. Stochastic process describes evolution of a statistical system from a non- 
equilibrium configuration, along a fictitious time to an equilibrium configuration at the very 
late time. The fictitious time here is called the stochastic time and it is different from Euclidean 
time Xo = r. Unlike in the equilibrium state, the measure in eq.f l2.7j) for non-equilibrium states 
is not a Boltzmann distribution. Therefore, we define correlation functions in non-equilibrium 
states with a general measure P(<ft,t) (which is called the probability distribution) as 

<<P{x l )..4{x N )>= J D<pP{<P,t)<P{x l )..4{x N ). (2.8) 

Technically, stochastic process is describing stochastic time evolution of P(4>, t) and once P{(f>, t) 
is known, then the correlation functions during stochastic precess are entirely known. 

The Langevin Dynamics The first realization of this idea was given by Parisi and Wu|29j. 
To understand their treatment, let us consider 4>(x) which is a scalar field in d-dimensional 
space with a classical action, S c . We suppose that this field <f>(x) interacts with an imaginary 
thermal reservoir with temperature T and the system evolves, by interacting with this thermal 
reservoir, along the fictitious stochastic time t. Since the system is evolving with time t, we 
promote the field (f>(x), for it to be time dependent, to 

4>(x) ->■ <f>(x, t) (2.9) 

and we expect that in large t limit the system approaches a state of thermal equilibrium state. 
It turns out that the relaxation process satisfies the following equation of motion: 

d(b(x, t) 1 SS C , , 

which is called the Langevin equation, where r](x, t) is the Gaussian white noise, which provides 
interactions with thermal reservoir. This white noise has Gaussian probability distribution and 



6 For reviews, see [TBI fTTl. 
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its expectation values are defined as 

< r)(x 1 ,t 1 )...r){x N ,t N ) >= , F , . , - — r . (2.11) 

/V J /V ; j D V {x,t)e~ l 2f ddxdt ^^ 

Explicit computations of these correlation functions provide rules for the correlations of r](x, t) 
namely 

< m, q (t) > = o , < m^ViAt') >= - - 0, ( 2 - 12 ) 

all possible pairs of i and j 

and any correlations with odd number of insertions of r)i !q (t) vanish. 

Finally, to obtain correlation functions of <p(x,t), we need to solve the Langevin equation 
and get solution of 4>(x,t) with explicit dependence on rj(x,t), then we get 

< ««,,*,)...««,,, f w ) >= __ T7 - i _^ . (2.13) 

Obtaining the probability distribution from the Langevin dynamics As we men- 
tioned, getting probability distribution P(<f>, t) is very crucial for stochastic process. Let us get 
into the details for this. The partition function for Langevin dynamics is 

Dr 1 {x,t)e-y ddxdt ^ 2 ^ t) . (2.14) 

To get more useful information from the partition function, it is convenient to switch from 
r](x,t) to 4>{x,t) in the partition function by using the Langevin equation (l2.10p . 



Z = I D(f)(x,t)det ( ) P((p,t )exp 



1 ^ d d xdt (<j)(x,t) + 1 



2 J \ V y ' 2 64>{x,t) 



(2.15) 



where 

P{(j>, t ) = UJ d (0(x, t ) - 0o(x)) , (2.16) 

which gives the initial condition for <f)(x), to is initial time and 'dot' denotes derivative with 
respect to t. The Jacobian factor can be written more explicitly using the Langevin equation 

as, 

1 f\r f 6 2 S r . 



det I —7 ) = exp 



dt / d d x- 



! t0 "J 5(j) 2 (x,t)_ 

Once we expand the exponent of (I2.15p . it gives a total derivative term with respect to t. This 
total derivative term provides boundary contribution at t — to and t = t. With all this taken 
into account we get 

ScW(*o)) ScO(t)) / /** ~ f j 

D(fr{x,to)P(4>,to)e 2 D(f>[x,t)e 2 [D<f>] exp - / dt d a xC FP ((j){t,x)) 

(2.18) 



8 



where 



and 



[ J D0] = n to<i - <i D0(x,t) 



c 



1 fd(f>{x) 



FP 



+ 



1 / 5S C 



1 5 2 S r 



(2.19) 



(2.20) 



2 V dt J 8 \S(j)(x) J AS^ix)' 

which is called the Fokker-Planck Lagrangian density. From this expression, N-point correlation 
functions can be easily computed. By comparison this with ( 12.81) . one can write the probability 
distribution function as 



P(4>, t) = exp 



_ f £ I d d x£ F p^(t,x)) 



to 



(2.21) 



The Fokker-Planck Approach The equation satisfied by the probability distribution P(<f>) 
can be derived using the Langevin equation, 



dt 



5S n 



+ 



8 



1 f ddx S 

2 J X 5<p{x,t) \6<f>(x,t) ' 5(j>{x,t) 



P{M- 



[2.22) 



We will express this equation in a more suggestive form by defining a wave function ^5 as 

MM=P(<P,t)e^, (2.23) 
and demanding that this wave function satisfies the Schrodinger type equation of motion: 



d d xH FP {T7><f>)M<t>,t), 



(2.24) 



where 7-Lfp is called the Fokker-Planck Hamiltonian, which is given by 



H 



FP 



5 



1 SS, 



5 



1 SS r . 



S(j)(x) 2 5(j){x) J \5(j){x) 2Scj)(x) 
1 5 2 lf5S r \ 2 1 S 2 S, 



(2.25) 



2 5(j) 2 (x) 8\S(j)(x)J AScj) 2 (x) 
In fact, the Fokker-Planck Lagrangian (12.201) is related to Hfp through Legendre transform. 



2.2 Relations between Stochastic Quantization and Holographic Wilso- 
nian Renormalization Group 

The Fokker-Planck approach In [21], it was suggested that some quantities in the stochas- 
tic quantization may be identified with quantities appearing in AdS/CFT in the following 
manner 

• The fictitious stochastic time, £ i' — > AdS radial coordinate V from its boundary to the 
interior, 
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• The Fokker-Planck action: Sfp — > The bulk action: Sbuikfyiir)], 

• The classical action, S c i — > — 2I os [(pj ] = 2r[0j°' ) ], 

where J os is the bulk on-shell action, T is the classical effective action, the index, /, denotes any 
index that the bulk fields(we suppress this index in the most of the following discussion), <pj 
carry and tpf^ denotes the boundary value of the bulk field on the conformal boundary. In this 
section, we will investigate how many of these assumptions are valid and if they are all valid, 
then what kind of information in AdS/CFT is reproduced by using stochastic quantization. 
More precisely, we will figure out a one to one mapping between quantities appearing in the 
stochastic quantization and the Holographic Wilsonian renormalization group. 

We start with a comparison between ( 12. 61) and (12.241) . They look very similar, and in fact, 
they will be the same if the following two conditions are satisfied: 

• Condition 1: Stochastic time 't' is identified to radial coordinate 'r' in AdS space. 

• Condition 2: The Fokker-Planck Hamiltonian, T-Lfp has the same form(or similar form as 
a weak condition) as the Hamiltonian of holographic renormalization group flow, Hrg- 
The exact relation is given by 

H FP (t) = H RG (r) provided r = t. (2.26) 



The condition 1 is similar to the first suggestion of [23], listed above. However, the condition 
2 is rather non-trivial. It is hard to see if the two Hamiltonian densities are the same or 
not. Since the form of Fokker-Planck Hamiltonian highly depends on the classical action S c , 
determination of S c is therefore very crucial. To determine S c , we follow the suggestion of |2l] 
namely 

S c = 2r(0), (2.27) 

and we demand that this form of classical action reproduces the same(or similar for a mild 
condition) relation between Hrg and the Fokker-Planck Hamiltonian Hfp- If this condition 
is satisfied then the Fokker-Planck Lagrangian density can be derived by Legendre transform 
and the second condition from [21] will also be satisfied. We therefore propose that S c = 2T(<j)) 
gives the correct choice of the classical action S c . 

Under these conditions, the two Hamiltonian equations of motion (the Fokker-Planck and 
the Renormalization Group) are identified. As a consequence of this, the two wave functions 
ipH and ips "will also be identified as 

V> H = e~ SB =^Ps = P{<l>, t)e% . (2.28) 

In the classical limit, by using the expression of the probability distribution ( 12 . 2 1 f) . we can 
write Sb explicitly in terms of Cfp as 

S B = dt j d d x£ F p{<j){t,x)). (2.29) 
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In the limit of t — > oo(the same with r — > oo), P(<f),t = oo) is expected to become the 
Boltzmann distribution and in that limit, Sb will become 



e -s B = e -s c +Sf = e -f = e -r(0)_ ( 23 ty 

Therefore, at the very late time, Sb converges to T(0), which is consistent with the IR effective 
action from the Holographic Wilsonian renormalization group flows. 

Langevin approach Equation f!2.28j) also provides a relation between deformation couplings 
in the holographic effective action and correlation functions in stochastic quantization. For a 
simple case, we assume that the theory that we are dealing with is a free theory, so only two 
point correlators are non-trivial. From the definition of stochastic correlations (I2.8p . the two 
point function is given by 

< (j> qi (ti)K(h) >s= [ Dfa-W^nWKfo), (2.31) 



where we define a new quantity S p as P(0, t) = e Sp( - t \ Since we have assumed that this is a 
free theory, Sp(t) will have the form 

S P {t) = \j JC q {t)<f> q {t)<!>„ q {t)d d q, (2.32) 

where JC q (t) is the kernel and q is the d-dimensional momentum. From this definition, the two 
point (equal time) correlation function in stochastic quantization is 

< K(t)K(t) >s= ^y^i + <&)• (2.33) 

Notice that in AdS/CFT, double trace couplings in holographic effective action have a slightly 
different definition. According to the relation fl2.28l) . Sb = Sp — 4f in the limit of free theory, 
we define a kernel of the double trace operator in holographic effective action as 

S 2 S B 
6<f) q (r)5(f) q ,(r 



< 4> q (r)Mr) >h= 72 /^f ? ^ • (2-34) 



From the relation (12.281) . we have 



< <f> q (r)Mr) >h= — — TTT^(<? + ?')• ( 2 -35) 



k q {r) is the kernel of S c , we have defined S c as 



Sc = J ~k q {r)4> q {r)^ q {T)d\ (2.36) 

and the kernel k q (r) is formally given by, 

k q (r)5 d (q + q') = \ ^ (2.37) 
2d(p q (r)d(p q >{r) 
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Therefore, by comparing (I2.33j) with (I2.35j) and using (I2.37p . we conclude that there is a 
relation between two point correlators on both sides as 

< K(t)K(t) >„'=< W0*.W >i' -\ s ^i M ( 2 -38) 

where we identify r to t and 5-function in the momentum space is ignored in this relation. 



3 Examples 

3.1 The simplest example, massless scalar fields in AdS2 

We start with a very simple model, (minimally coupled) massless scalar field(or zero form field) 
in Euclidean AdS 2 . The action is given by 

Sbuik = \J drdr^gg^d^d^, (3.1) 

where g^ v is AdS 2 metric and g is its determinant. AdS 2 metric is given by 

ds> = dr2+ / T \ (3.2) 

where r is radial coordinate in AdS with 0<r<oo,r = 0is AdS boundary and r = oo is 
Poincare horizon, r is Euclidean time(We reserve t to denote the stochastic time.). 

Although this is very simple example, it has several merits. First of all, this action is Weyl 
invariant. The Weyl invariance is manifest since the background metric has a form of 

9w = -^r> ( 3 - 3 ) 
and substituting this metric into the action ( 13TTT) . we get 

Sbuik = 77 / drdTdpfftdpfa (3.4) 
1 Jr 2 + 

where the space-time indices are contracted by 5^, which is the Kronecker 5 and denotes, 
say, the space corresponding to the upper half of R 2 , since the coordinate V is semi-infinite. 
Another feature is that due to this Weyl invariance, there are no divergent terms in the bulk 
action as r — > 0. Therefore, no counter term action is necessary. 

Secondly, this action allows 'alternative quantization' for its boundary CFT. It is well- 
known that in AdS /CFT, for a particular range of mass square of bulk scalar fields, — 4- < 
m2 < — ^ + 1, there are two possible quantizations. Here d is dimension of boundary space- 
time. Each quantization scheme depends on the boundary condition of the bulk field, which 
is either Dirichlet or Neumann boundary condition. For AdS 2 case, d — 1 and the mass 
square range is given by — \ < m 2 < |. Therefore, massless scalar fields admits 'alternative 
quantization'. 
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3.1.1 Bulk Solutions and their Boundary On-shell Actions 

Holographic Boundary On-shell Action In this section, we apply standard AdS/CFT 
techniques to our model and find out its boundary on-shell action. To obtain this, we will solve 
bulk system in the limit of Einstein gravity. In a given AdS background, we get an equation 
of motion of the scalar field as 

O = (9 r 2 + 9 T 2 )0(r,r). (3.5) 
We will solve this equation in the momentum space by using Fourier transform, 



(r, t) = -=/ du(j)„{r)e- WT . (3.6) 
v 2ir 



Then, the equation of motion( l3T5l) becomes 

= (^-w 2 )0 w (r). (3.7) 
The most general form of the bulk solution is given by 

Mr) = 0i O) cosh(Mr) + Y^- sinh(Mr), (3.8) 

\uj\ 

where <pffl and <p£ are arbitrary frequency dependent functions. Another condition that we 
need to consider is the regularity of the solution on the Poincare horizon. The solution fl3.8p is 
exponentially growing as in the interior and is divergent at r = oo. To prevent such a behavior, 
we set 

0(0) + fl = 0. (3.9) 
\lo\ 

Then, the solution becomes 

Mr) = 0L O) e" Hr . (3.10) 
Substituting this solution back in the action, up to equation of motion, we get 

S bulk = lim \ [ duMr)d r 4>Mr) = ~ f (3.11) 
e->o 2 J r=e 2 J 

where we have used boundary expansion of <j) w {r) as 

Mr 0) = - \u\ct>fr + 0(r 2 ). (3.12) 

On the boundary of AdS, we impose the Dirichlet boundary condition, 5<f) = 0. In this 
case, there is no deformation term need to be added to the bulk action. Therefore, the bulk 
action itself becomes the on-shell action, I os (<p) = Sbuiki^)- The boundary value of <p(r) is 
then interpreted as a source term which couples to a composite operator in boundary CFT. 
Thus we can then identify the on-shell action with the generating functional with source <fi as 

/ os (0) = w {<!>). 
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To obtain classical effective action T, we define canonical momentum as 

IV, = ^ = C» = -\ U \4>^ (3.13) 

where 'prime' denotes derivative with respect to r. The classical effective action is defined by 
Legendre transform of the generating functional as 

r[0] = -n^ + ^[0]. (3.14) 

Then, we get 

m = -W[<j>] = \J dco\co\^A (3.16) 

Zero frequency solution and its boundary on-shell action In the limit of uj = 0, the 
bulk equation of motion (13. 7p is given by 

<9 r 2 = O, (3.17) 

and its most general solution is 

(j) = 0(°) + (f)( l )r. (3.18) 

When we impose regularity condition on the solution in the interior (at r = oo), we are forced 
to set cj)^ = 0. Now, to get boundary on-shell action, we substitute (13. 18[) into the expression 
of on-shell action f)3.1ip . This gives I os ((fi) = 0, because the regular solution satisfies d r (p = 0. 
This means that canonical momentum of is also zero as IT = d r <ft = 0. By Legendre transform, 
we get its classical effective action which is zero, T(0) = 0, too. 

3.1.2 Holographic Wilsonian renormalization group 

We start with (12.41) and our two dimensional bulk Lagrangian fl3.4p . Substitution (13.41) into 
(12.41) provides holographic Hamilton- Jacobi equation as 

If , ( ( 5Sb\ ( 5Sb \ 2 



d ' SB -2L^{[wJ{stJ-^-i- (319) 

Let us solve this equation by assumption of the form of Sb as 

/d 1 f d 

-^V7gj(e, W )^-- / —y/^jT{e,u)M^, (3.20) 
Z7T I J ZTT 

7 In fact, we need to express the classical effective action in terms of II, which is given by 

r[n] - 2(1) / R n ^ n -^)> ( 3 - 15 ) 

where II is vacuum expectation value when one imposes Dirichlet boundary condition. However, we express 
this in terms of <f>, since it is more convenient for the later discussion. 
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where A(e), J{e, u) and J-"(e, u) are unknown functions of radial cut-off e, and especially J-(e, uj) 
is interpreted as double trace coupling. 7(e) is determinant of (one dimensional) induced metric 
at r = e hypersurface, in fact, it is given by 7 = = \. Putting the ansatz (13.201) into 
( 13 . 1 9f) and comparing the coefficients of field <f> u , we get the following three equations: 

0«A(e) = ~\j e ^y J ^) J ^-^ ( 3 - 21 ) 
d e J{e,-u) = ^J(e,u)f(e,-u), (3.22) 
dj(e,cj) = ^-f(e,-u)f(e,co)-2nu 2 , (3.23) 

where J(e,u) = ^^{e)J{e, uj) and f(e,u) = ^/'y(e)J r (e, uj). We can then plug the definition 
of f(e,uj) into (I3.23P to obtain a equation in terms of double trace coupling, T as 

rd r T{r, uj) = TYr, uj) + ^-F(r, -w) - 27rwV. (3.24) 

27T 

The Hamiltonian equation of motion of the bulk field W given by 

rioj = d r <j)- w , and <9 r IL = w 2 0- w , (3.25) 
can be used to seek the solutions of A(e), J(e,u) and f(e,co). They are 

= -2v3^T, J( C|W ) = - & (3.26) 
and 9 e A(e) = 1 ^ ^ 



2j r=e (2vr) 2 a; ( e )0_ w (e)' 
where /3 W is an arbitrary frequency dependent function. 

Zero frequency solution Now, let us evaluate the effective action Sb by using the above 
solution. Solution of ( I3.23|) in uj = limit is given by 

f(r) = -2^ = _ J?2L, (3.27) 
l + xr 

where is a linear combination of independent solutions 

= A(pi + B(p2, where 0i = 1 and 02 = r, (3.28) 

and A, B are arbitrary constants and x = 4- Using this solution, we can write the expression 
for the double trace coupling T as 

It is easy to see that eq.( l3.29p has two different fixed points, J 7 = and J 7 = —2n (These fixed 
points are solutions of eq. (I3.24|) ). Another point to note is that, in the IR region, we have a 
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single fixed point, T = —2n if x 7^ 0, therefore almost every flows will end up with that fixed 
point. If x — 0, then in the IR region J 7 = is a fixed point. In the UV region also we have 
these two different fixed points but their properties are different. The J 7 = —2n is a fixed point 
if and only if x — ±oo, whereas J 7 = is a fixed point when x — 0[1]. 
From the above solution, we can obtain Sb as 

Sb = It^<P 2 , (3-30) 
2 1 + x r 

where we have evaluated double trace coupling only (We will deal with double trace couplings 
only in the most of the following discussion.) and integration over frequency is removed because 
we are at u = (Effectively, we have inserted S(co) in the integrand). In Sec J3.1.3[ one will see 
that (I3.30p is precisely reproduced by stochastic quantization. 

Solution with non-zero frequency The solutions of bulk equations of motion, (I3.25P are 
linear combination of cosh(|o;|r) and sinh(|a;|r) when frequency is turned on. Using this fact, 
the effective action Sb is given by 

Suir) = - / du\u\ — — : ) <f> u <f>^, (3.31) 

\ cosh(|o;|rJ + W smh(|o;|r 




where W is an frequency dependent real functional. As r — > oo, the boundary action approaches 
its IR region in the sense of holographic renormalization group. The form of IR effective action 
is 

S B (r = oo) = i J du\u\(f> u (t>- u , (3.32) 
unless (f)^ = —1. If cf)^ = —1, then 

Sb{t) = -~ J dio | u | ^» w 0-w (3.33) 

UV and IR fixed points of the double trace coupling and its flows It is clear that 
there are several UV fixed points for the double trace coupling, J 7 . In the UV-region(r — » 0), 
that there are two fixed points as J-{r, u) = and J-(r, u>) = —2tt, since the last term in 
(13.241) vanishes. Classification of these fixed points depends on boundary conditions, i.e., on 
the choice of <f> u . If we choose (p^ = ±oo, we have T(r, to) = —2n fixed point and for W = 0, 
we have J-(r, u) = fixed point. However, it is not certain if T{r, u) has IR fixed points from 
f)3.24p since the last term in it cannot be ignored in large r region anymore. In fact, from the 
solution of double trace coupling, 

Tt s oil sinh(|u;|r) + 4, cosh(|u;|r) 

J~{r, to) = — 27i\u\r = , (3.34) 

cosh(|o;|r) + <\>^ sinh( |u;|r) 

one can recognize that it converges to a single fixed point, J-(r, u) = — oo in IR region for any 
values of W except 4> w — — 1. If </> w = — 1, T(r,u) = oo is IR fixed point. 



If <j)n, is not real, then the double trace deformation is not hermitian. 
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3.1.3 Stochastic quantization of the classical effective action: Zero frequency 

As per our proposal, relation between S c [ and AdS/CFT is that S c [ = 2T[4>], where T[cj)] is 
classical effective action on AdS2 boundary for the massless scalar field. Leaving out this 
connection, we will not use any information from AdS/CFT for our computations in this 
section, we will only use stochastic quantization techniques. 



The Fokker-Planck action Let us evaluate stochastic time evolution of the system in 
which the classical action is given by S c = 2T(<p) as conjectured in Sec l2.2[ As we discussed 
in Sec l3.1.1] in the case of zero frequency, the classical effective action, r(0) = 0. From the 
expression of Fokker-Planck action, we have 

/Y£Y*- (3-35) 



This Fokker-Planck Lagrangian density has precisely the same form as the bulk action (I3.4j) 
with u = with the identification, t = r. Let us evaluate Spp in the classical limit. To do 
this, we use equation of motion from this action, which is given by 

<9 2 

and the most general solution is 

4> = a\ + a,2t, (3.37) 

where a\ and <22 are arbitrary real constants. We will impose boundary conditions to constrain 
the parameters in (j3.37| . Suppose at a certain time t, we want to field 4>(t = t) = 4>(t), then, 
the solution becomes □ 

0(t)=0(t)i±^, (3.38) 
1 + at 



where, a — Let us plug this solution into (I3.35p . then we get 

(3.39) 



01 

t 



Spp = 



to 



where to is initial time. At this point, we propose that a judicious choice of the initial time to 
precisely reproduces holographic renormalization group result. The prescription is to se0 

to = --, (3.40) 



at which the solution \3.31\j becomes zero, (fi(t = — -) = ; and the, the range over which t 



varies becomes — - < t < 00. Therefore, for the identification oft — r, we identify a subset 
of the interval of 't' with the interval of 'r', < r < 00. When 'a' is positive, the stochastic 



9 This is the usual boundary condition to evaluate Fokker-Planck action. For example, see Sec. 3. 2. 2. in [IB] 
10 Our prescription for the choice of to will become clear momentarily when we will discuss the Langevin 
dynamics 
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process begins before t = 0. In this case, we identify only a subset of the interval of t as 
< t < oo to r. For the negative value of a, the stochastic process begins after t = 0, then we 
identify entire — - < t < oo with r but then it covers only a part of the interval of e r ! . Finite 
non-zero value of r corresponds to UV cutoff in AdS/ CFT. Thus for negative 'a ' , stochastic 
process gives evolution of a field theory with explicit UV cutoff. With such a choice, we get 

Sep = ~7^b<m (3-41) 
21 + at 

which is of the same form as (13.301) once we identify t and a with r and \ respectively. We 
thus see that, in this case, the prescription (12.291) is correct up to making a choice of t . 



Langevin dynamics The Langevin equation (12.101) in this case (S c = 0) becomes 

^ = V®, (3.42) 
where since <fi and r\ do not depend on w, we demand 

<r ] (t)r ] (t , )>=5(t-t'), (3.43) 
and < rj(t) >= 0. The solution of Langevin equation is given by 

4>{t) = [ V (t)dt + <p , (3.44) 



where 0o is an integration constant. If 0o is chosen appropriately, then (equal time) two point 
correlation of <p(t) will be consistent with holographic RG. 

The prescription for choosing (fio is 

"0 

rj(t)di. (3.45) 



We stress that we just choose initial condition for <p(t) at t = 0. The interval of t is still 
< t < oo for this choice. Therefore, V is identified with 'r'. However, once we plug {S.^ 
into \'J.44\) , it has a form 

<p{t) = / r](t)dt. (3.46) 



Again, t = —- is a special point at which the general solutionis .31) vanishes, i.e., <p{t = —-) = 
0. 

With this solution, one can compute (equal time)two point correlation function 

< <t>{t)(j){t) > s = J J < V(t')v(t") > dt'dt" = t+~. (3.47) 

a a 

If we identify 

X = a and r = t, (3.48) 
then, (13.471) is precisely matches with (13.301) through the relation (12.381) . since 
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3.1.4 Stochastic quantization of the classical effective action: Non-zero frequency 

Fokker-Planck action Our starting point is the classical action obtained from (I3.16P using 
the relation S c = 2r(0) 

POO 

Sd = / dw|w|0 w 0_ w . (3.50) 



We first evaluate the Fokker-Planck Lagrangian density, which is given by 

C FP = I ( d M ( d J^\ + I ('£>) (***.) - i I (3.51) 



2\dtJ\dtJ 8 \d(j) u J V50-^/ 4 

= 2^-"+ 2^ 2 ^- " ( 3 - 52 ) 

where to evaluate Fokker-Planck Lagrangian density, we promote the field W 

0c -> 0c (t). (3.53) 

27ie Fokker-Planck Lagrangian density has the same form as the bulk Lagrangian density ( [ff.^j ) 
up to a term proportional to the 5-function, which is just an infinite constant. This term is 
not relevant for the following discussion since it does not depend on the field 0. The 'dot' 
denotes derivative with respect to t, which is the stochastic time. We want set the range of the 
stochastic time as < t < oo. Therefore, the stochastic system starts from t = and settles 
in a thermal equilibrium at t — oo. 

Let us evaluate equation of motion, which is given by 

= ^-^. (3.54) 

The most general solution of the equation of motion is 

(j) u (t) = ai, w cosh (| a; 1 1) + a 2 ,c sinh(|a;|t), (3.55) 

where ai j£J and a 2tU1 arbitrary frequency dependent functions. 

Let us now look at boundary conditions. At certain time t, we want that <f> u (t — t) — (j)^(t), 
then, the solution becomes 

/ ~\ cosh(\u\t) + a w smh(\u\t) 

W) = (/> u [t) . wi rr , (3.56) 

cosh(|w|i) + a w smh(|u;|i) 

where a w = On substituting the solution (13 . 56[) into Fokker-Planck action we get, 



Sfp = [ dt I du ( i0 w 0_ w + ^w 2 0c0-a; J = J / cL;0 a) (t)0_ w (t) 

J-^coth-^a^) J \ 2 2 J 2 

1 /",,.,.., ../ sinh(|a;|t) + a w cosh (la; It) 
= - / o?a;|a;|0 w (i)0_ w (t) ' 11 



(3.57) 

j^jcoth (flu) 

2 7 1 IY ^ V yir ^ V ' \^cosh(|u;|t) + a u sinh(|u;|t)) 

where for the second equality, we have used equation of motion (l3.54p and the lower limit of the 
integration is chosen in the same fashion as in Sec J3. 1.31 The Fokker-Planck action (13. 5 7p has 
the same form as (I3.3ip with the identification that a w = <j) u . Before we discuss the Langevin 
dynamics let us look at the reality condition on a u and <p u . The reality conditions implies 
a* = a.^ and 0* = 0_ w respectively. In addition hermiticity of the Fokker-Planck Lagrangian 
density (I3.57P implies both a w and 0^ are real. 
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The Langevin dynamics Let us now derive the Langevin equation (jUOj) using classical 
action f)3.50p . which is given by 



at 



-\u\<f> u (t) + T]u(t). 



The solution with appropriate boundary condition is 



>(t) 



X cath _1 (o«) 

\U)\ v ; 



(3.58) 



(3.59) 



Now, we evaluate equal time two point correlator for scalar field using expectation values of 
r} u (j) given in (J2H2D 



< >s 



dt 



coth (aw) I coth 1 (a^j ) 



-2wt 



_ x dpg-MMHw'Kt-?) < Vuj (t)ri^(t') > (3.60) 



2 b 



a w + 1 



We again see that the eq. fl3.60p is consistent with ( I3.3ip through the relation^- 
Using the definition of probability distribution (l2.2ip . we get 



P(4>, t) = exp 



dulul 



cosh \oj\t + ciu sinh \uj\t 



(3.61) 



One can recognize that the kernel in exponent of P(4>, t) is precisely the inverse of the two 
point correlation < <f>u{t)<f> u '(tf) >s in O3.60p . 

At this point we would like to make the following remark. One may suspect that to — 
— A coth _1 (a w ) is not well defined when \a u \ < 1. However, we still assign our boundary 
condition using this form of to, and allowing it to have imaginary part when |a u | < 1. In fact, 



| | 'I'TT 

--, — r coth - (a u ) = —-. — -tanh~ (a w ) ± —. — , for \a u \ < 1. 



M 



\U)\ 



2 b 



(3.62) 



To evaluate Fokker-Planck action (13. 5 7ft in this case, we choose an integration path in the 
complex t plane and choose positive sign for the imaginary part of t. The contour is mostly 
along the real axis except at t — tanh _1 (a w ) where it goes parallel to imaginary axis from 
t = tanh~ 1 (a w ) to t — tanh _1 (a w ) + . The boundary action can then be written as 



S, 



+ 



j—t tanh 1 (a u ) 



- / rfw0 w (t)0_ w (t) 



dt / dcoCFP 



l^jj tanh 1 (ouj ) 
— tK tanh _1 (a w )+- 



dt / dcuCFP 



(3.63) 



- - J du<f> u {f)<f>-u{t) 

t= — jiy tanh~ 1 (a tlJ ) 
f=— [ i T tanh- 1 (a u ,)+ 5 if T 
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i=— ^ tanh 1 (a UJ ) 



Using the fact that 

^l^-^tanh-i^) = 0, and w | t ~ = _^ tanh -i (ow)+ _^ = 0, (3.64) 

the second and the third terms in the second equality in ( I3.63P vanishes. This gives precisely 
the same result as in ( I3.57p . In the first term, the integration variable t is on the real line, and 
so is t therefore, we will identify t in this case with the AdS radial coordinate r. 
For the Langevin dynamics, we choose the same integration path 

</> u (t) = f die-^SUt) (3-65) 

~'-^tanh- 1 (a„)+^| 

= f dte-^^^it) + ^ Q e-^\ 
Jo 

where 

/Q _ n- |ijtanh- 1 (a u ) 

dte^%(t) + / dte^ri^t), (3.66) 

- T i T tanh" 1 fa w ) ■'-A tanh- 1 (a u )+or L T 

|w| v J \uj\ x 1 2|c*j| 

where cj) w (t = 0) = Wj o, the initial value of <j) u . The integration path in the first integral 
in (I3.66P is a straight line along the real axis, whereas the path in the second integral is a 
straight line parallel to the imaginary axis. Again, t is real in the first integral and we identify 
it with the AdS radial coordinate r. Let us again check if (j} u o satisfies the reality condition, 
0* = (p-ujfl. On the real line, it is sufficient to show this that rj* (t) = r]^u,o(t), however, 
it turns out that the reality condition will be satisfied along the second contour if we impose 
another condition ?7 w ,o(^) = Vio,o(t + rjr) in the complex t plane. This is just a periodicity 
condition for rjo along contour parallel to the imaginary line. 



3.1.5 More on the initial conditions in stochastic quantization 

In the previous discussion for the stochastic quantization, we have imposed the initial condition 
as t = to in an ad hoc manner. Here we would like to provide rationale for making such a 
choice. For illustration consider computation of the holographic renormalization group for the 
zero frequency case. The radial flow of the double trace operator starts from a fixed point 
which is either x = or |x| = oo. Let us, for concreteness, concentrate on the |%| = oo fixed 
point. In this case, the boundary effective action (I3.30p takes the form 

S B = (3.67) 

We can also see that the Fokker-Planck action for the zero frequency case (I3.4ip can be re- 
written as 

where t is a shifted time coordinate, t = t + - (note that both the Langevin equation and 
the Fokker-Planck action possess time translation invariance.). Comparing the above two 
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expressions, one realizes that the boundary effective action Sb which starts from |x| = oo fixed 
point has the same form as the Fokker-Planck action if we replace r and \ m the holographic 
RG by t and a respectively. This implies that the choice of the initial time to — — ~ m case 
of the stochastic process becomes to — and the stochastic system will start evolving from 
the fixed point \a\ — oo (which, by our identification, is equivalent to \x\ =00 fixed point in 
holographic renormalization group flows). There are several radial flows of the double trace 
operator for generic choices of the value of x which do not start from fixed points. However, 
from the point of view of the stochastic quantization, all the stochastic time evolutions begin 
in the neighborhood of a fixed point but with different initial times. At t — these stochastic 
time evolutions are not in the vicinity of any of the fixed points unless a = or \a\ = 00. 
Identification of r is still done with the stochastic time t only for the range < r < 00. Thus 
we see that for all the flows which do not start from the fixed point, stochastic time evolution 
starts from t = —-. While for \x\ = 00 the evolution begins from t = 0, for x = 0- h 
begins from t = —00. Notice that unlike the radial coordinate of AdS space which cannot take 
negative values, the stochastic time can begin with arbitrary negative values. 

The above scheme for determining initial time is applicable to non-zero frequency case as 
well. The final remark is that when \a u \ < 1, = 00 fixed point will be obtained by shifting 
the stochastic time along the imaginary axis as well as the real axis. We have therefore chosen 
a complex initial time. 



3.2 U(l) gauge fields in AdS A 

We start with the U(l) (Euclidean) gauge field action in AdS± space-time background 

S bu ik[A] = d 4 x^F^, (3.69) 

where the space-time indices /i, v run from 1 to 4. The background metric is 

2 dr 2 + Sijdx'dx 3 
ds = ~2 ' ( 3 - 7 °) 

where the indices are defined boundary space-time coordinate, which run from 1 to 3 or 
i = x,y and z and g is determinant of metric g^. U(l) field strength is given by 

Ffiv = d„A u - d u A^. (3.71) 

Like the massless scalar field action in AdSz, this action is also Weyl invariant and admits 
alternative quantization. Under the Weyl rescaling of background metric, ds 2 — > r 2 ds 2 , generic 
gauge field theory defined on AdS± gets mapped to that defined in 4-dimensional flat space- 
time. This space-time is only half of M 4 , because the radial coordinate in AdS space runs from 
to 00. Therefore, the action becomes 

S bu ik[A] = -( d*xF, v F^, (3.72) 

4 
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where, the space-time indices are now contracted with 5^ v and denotes a half of the 4- 
dimensional flat space. 

The equations of motion from S^uik are given by 

= V 2 A r -d r diAi, (3.73) 



= (8% + V 2 )Ai — di(d r A r + djA 



3)1 

where V 2 = Y^=i fyfy- Solutions to these equations has already been obtained in [T91 [2T] . Let 
us briefly recall the solution A^ in momentum space 

A iA {r) = Al q (r)-tq l( p a q (r), A r>q {r) = d r <j) q (r), q^r) = 0, (3.74) 

aIld A lg( r ) = A lq° ] C °sll(|g|r) + T^ A lq Sillh (l?l r )> 

where are components of three momentum along the boundary direction and the solution is 
obtained by using Fourier transform of the position space representation defined in a manner 
similar to (13.61) but this time with three boundary coordinates. Aj is the transverse part of 
the gauge field, which is given by 

A l q = P l3 {q)A m i (3-75) 

where we define a projection operator, 

P-M = h~ q -f, (3-76) 

and A i ^ and A i are % dependent transverse vector functions. <p a is a gauge freedom which 
is not completely determined by equations of motion. 

To proceed further we will use the radial gauge, namely A r)q {r) = 0. In the radial gauge, the 
residual gauge freedom is obtained by restricting the gauge parameter 4> r ,q{ r ) to be independent 
of r, 

<f> q (r) -> <t> q . (3.77) 

Then by definition, Aj q (r) is gauge invariant under this residual gauge transformation. Another 
condition that we need to consider is regularity in the interior of bulk spacetime. For the 
regularity of the solutions at the Poincare horizon, at r = oo, we require that 

4 (0) + = 0- (3-78) 

This removes the term proportional to e' p ' r near the Poincare horizon. Using this regularity 
condition we can write the solution in the following form 

AUr) = 4<VW'. (3.79) 
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Boundary on-shell action Substituting solutions ( I3.79P into the bulk on-shell action 



S b uik[A] = -J d\A hq d r A^ q . (3.80) 

we get 

Ios[A] = S bulk [A] = -~J d 3 q\q\AjfAl% (3.81) 

which is a manifestly gauge invariant action because it depends only on the transverse part of 
the gauge field. Canonical momentum of the gauge field is 



nI = ^! = -lC (3-82) 



The classical effective action T[A] is then obtained by taking the Legendre transform of the 
on-shell action / s[^4], 
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T[A] = -I os [A\ = -j d\\q\A T ^A T ^l. (3.83) 

3.2.1 Holographic renormalization group flow of U(l) gauge field theory 

We start with the flow equation 



d e S B (A) 



.2^ \^A~-J ~ \ Fi ^ Fkl '-^ 1 



(3.84) 



+ h-^n^)A r , q 



SA i>q 



in the momentum space. The holographic renormalization group computation of U(l) gauge 
fields is pretty much similar to the massless scalar field case and is given in [I]. Therefore, we 
would like to comment only on the differences between them and then directly state the result. 
First of all, the main difference between them is existence of gauge degrees of freedom, which 
can be used to decompose the U(l) gauge fields into transverse and longitudinal parts. As 
argued in jl], in both cases Dirichlet and Neumann boundary conditions can be imposed on the 
conformal boundary, equations involving transverse components are completely decoupled from 
those involving the longitudinal one in holographic Wilsonian RG computation. Moreover, we 
are only interested in radial flows of double trace coupling of transverse components of the 
gauge field. Therefore, the ansatz for Sb is given by 

S B (A) = A(e) + J ^^ T (g, e)g^Al q - \^^/lM<l, 'W'^.A <r (3-85) 

where, the superscript (also subscript in some of the later expressions) ! T" denotes transverse. 
Again, there are longitudinal parts in S B , but they are decoupled. 
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Secondly, the equation and solution of the double trace coupling Tt are given by 

d e fi(q,e) = ^f i (q,e)f i {-q,e)-{2 7 r) 3 \q\ 2 , (3.88) 
ffae) = -(2tt) 3 S (3.89) 

where fi(q, e) is given by 

/i(g,e)^ = V7^r(?,e). (3.90) 

U l T is conjugate momentum of Aj , which is given by IT T = r Af . To get some of above expres- 
sions, we have used the explicit form of the background metric (l3.70p . In the solution (l3.89l) . 
the index is not summed over. Since Aj is transverse, if we suppose the three momentum, 
qi is along x direction, then Aj will have two independent components Ay and A T Z . In this 
case, the index % in the solution (I3.89j) is either y or z and arbitrary linear combination of these 
two solutions is not a solution since equation (l3.88p is non-linear. 

Finally, we obtain double trace part of the transverse gauge fields in the effective action 
Sb ■ To do that let us first write down the general solution of transverse gauge field from the 
bulk equation of motion ([3773]) 

Aj, q (r) = A T ^ ] cosh(|g|r) + Aj^ sinh(|g|r), (3.91) 

where A^g and Ajjp are arbitrary q^ dependent vector functions. Substituting this general 
solution in (I3.88p . we arrive at the radial flow of double trace part of transverse gauge field 



sinh( \q\ 


r) + b q cosh( \q\ 


r) 


cosh( \q 


r) + b q sinh( \q\ 


r) 



Sb = ^ I A ( ) Al q Al_ q , (3.92) 



where b q is a momentum dependent constant and we have only stated the double trace part of 
S B . 



3.2.2 The Fokker-Planck action and the Langevin dynamics of U{1) gauge fields 

In this section, we carry out stochastic quantization of U(l) vector fields. Since the clas- 
sical effective action (I3.83P is comprised of transverse parts of gauge fields only, we suppress 
super(sub)script 'T' from now on, and assume all the fields in this section are transverse. More- 
over, for the boundary fields, superscript (0) is used in the previous section, we will suppress 
this too and A iA is just vector fields appearing in stochastic quantization. 

11 The other equations are given by 

9 £ A(e) = J ^jT q Jl_ q d\ (3.86) 

®eJ? <g = (2^)3 tfqftQ' (3.87) 

where Jf q = ^jg ij JT,j{q,e). 
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The Fokker-Planck action Using the definition of Fokker-Planck action (12.201) and pre- 
scription for the classical action 

S C = 2T[A], (3.93) 



we get 

S FP = J dt I d A q 
where we have used 



t 

'3, 



/o 



~{d t A i>q ){d t A^ q ) + -\q\ 2 A iiq A^ q + -\q\6(0) 



(3.94) 



The last term is an infinite constant, and does not contribute to the bulk dynamics. The 
second term can be manipulated as 

2 1 i 

\q\ Ai^qAi ^q = —iqjAi^giqjAi^q — iqiAi^qiqjAj^q = —Fij q F_ q , (3.96) 

where we have used the fact that the gauge field that appears in the first equality is transverse. 
With this the Fokker-Planck action becomes 
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S FP = -J dt J d'qF^qF^. (3.97) 

This Fokker-Planck Lagrangian density has the same form as bulk Lagrangian density from 
which the boundary action is obtained. 

To study stochastic time evolution of the action (I3.94p . let us derive equations of motion 
from it. The equation of motion is given by 

= A lA - q 2 A is . (3.98) 

The most general solution of the equation of motion is 

Ai, g (t) = Ai, q cosh(|g|t) + A Lq sinh(|g|t), (3.99) 

where Ai >q and Ai A arbitrary vector functions of 3-momenta, g». 

We impose the boundary condition by assuming that at certain time t, the gauge field 
satisfies A i)q {t = t) = A i)q {t). Then, the solution becomes 

A a (t>^W ^|t"lt«' Si tr!tv < 3100 > 

cosh(|w|t) + Bi A smh(|u;|i) 

where B iQ = 4^ and index i is not summed. 

At this point, we stress that the Fokker-Planck action contains more degrees of freedom. 
Since, A i)q {t) has two independent degrees of freedom A yq {t), A Ztq (t) (assuming the momentum 
qi is along x-direction), initial conditions for A y ^(t) and A zq {t) will be different, which are 
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t=t 



determined by choices of B y , q and B Ztq . However, as argued in the last section, holographic 
renormalization group computation contains only a single constant b q in 113. 92\) \^ To reproduce 
this correctly, we set 

d q = B y>q = B z>q . (3.101) 

After this, we plug the solution (13.1001) into Fokker-Planck action and evaluate it. It is 
given by 

Sfp = [ dt f d\ (hd t A itq )(d t A^ q ) + ]-\q\ 2 A i , q A i ^ q ) (3.102) 

J— Xcoth^(d q ) J \ Z Z J 

= ~ J d Z qA hq {t)A^ q {t) 

2 J \cosh{\q\t) + d q svah{\q\t) J 

where for the second equality, we have used equation of motion (l3.98p and the lower limit of the 
integration has chosen by the same way that we have done in Sec l3.1.31 The Fokker-Planck 
action (l3.102p is the same form with (I3.92p under the condition that d q = b q . 

The Langevin dynamics We start with Langevin equation from the classical action (13. 93ft 

dt ~ 5A^ q (t) \q\A, q + r ]hq [t). (3.103) 

The solution of this equation with the initial condition prescribed in Sec J3. 1.31 is 



t=— X coth _1 (d ? ) 



Al q (t) = [ dte-^5 tjVhq (t) (3.104) 



where the index j is summed over but index i is free. 

The same feature of stochastic quantization arises here too. For each component of gauge 
fields, one can assign different boundary conditions by choosing Bi >q differently. However, to 
reproduce holographic renormalization group calculations, we impose the same condition as 

num . 

With such a choice, we compute stochastic correlation function using 

< Vi, q (t)Vj, q '(t') >= 5 t] 5\q - q')5(t - t'), (3.105) 

which is given by 

< A i>q (t)A j>q> (t) >= m 3 (<? - go^i i 1 - j^\ e ~ 2W ) ■ ( 3 - 106 ) 

(I3.106P is consistent with f!3.92|) through the relation ( |2.38p . provided that d q = b q and t = r. 

12 This distinction occurs because the double trace coupling in the holographic renormalization group satisfies 
a non-linear equation (|3.88[) but there is no such obvious condition appearing in the Fokker-Planck, and as we 
will see later, in the Langevin dynamics as well. It would be useful to understand this issue better to develop 
a closer analogy between these two formalisms. 
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4 Conclusion and Open Questions 



In this paper, we have shown that in the case that the bulk action is Weyl invariant and allows 
alternative quantization, stochastic quantization of the classical action which is given by S c = 
2T, where T is classical effective action from the bulk gravity theory without any deformations 
precisely captures the radial flow of double trace deformation coupling in holographic Wilsonian 
renormalization group computation. We have studied this proposal by analyzing a couple of 
examples, (minimally coupled) massless scalar field in AdS2 and U(l) gauge fields in AdS& as 
bulk theories. In these examples, the radial flow of the double trace couplings is precisely 
obtained from the stochastic time evolution of the corresponding Fokker-Planck action and 
Langevin dynamics. 

Even if these examples are quite successful, there are many open questions, some of which 
we will list here. 

• In our example, we only dealt with Weyl invariant action. If the bulk action is not Weyl 
invariant, there must be divergent pieces in the near boundary expansion of the bulk 
solutions. In such cases, one needs to add counter-terms to cancel divergent contributions 
to the boundary on-shell action. These counter-terms could modify the identification, 
S c = 2T. 

• Not many examples of interacting boundary conformal field theories have been studied 
either in the holographic Wilsonian renormalization group method or in the stochas- 
tic quantization method. The Langevin dynamics, however, does provide a method to 
deal with interactions in perturbative expansion in small coupling[16]. Nevertheless, ap- 
plication of this method to study the relation between holographic Wilsonian RG and 
stochastic quantization is still an open question. In [27], the authors developed boundary 
theories of SU(2) Yang-Mills in AdS± and which provide boundary effective action with 
exotic momentum dependent interaction vertices. This is a natural extension of U(l) 
theory in AdS± to add interactions in it and at the same time retains some of the merits 
of the U(l) case: the bulk action is still Weyl invariant and allows alternative quantiza- 
tion. One might think about stochastic quantization of this boundary theory to extend 
our argument further. 

• The last question is how the relation will be modified if the bulk geometry is not pure AdS 
space. For example, in (3], the authors study holographic Wilsonian RG in extremal black 
brane background. In this case, there are emergent IR-CFT near black brane horizon 
since the near horizon geometry is AdSi and there will be more than one (non-trivial) 
IR fixed point. The question is whether stochastic quantization can capture these fixed 
points appropriately. 

• For non-extremal black brane case, we have to deal with conformal field theories at finite 
temperature. Stochastic noise does not provide a notion of 'temperature' in the sense 
that it does not correspond to black brane temperature. Even if there is stochastic noise, 
in our examples the corresponding bulk geometry is still pure AdS. It will therefore 
be interesting to figure out how a finite temperature system from AdS /C FT would 
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be accommodated in our prescription. For some realted literature, see [30]. A better 
understanding of this will put this proposal on a firmer footing. 
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